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Canonical 1-form associated with a Lie-Rinehart structures
on weil bundles
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Abstract
In this paper, we denote by A a Weil algebra, M a smooth manifold and MA the associated Weil
bundle. We study the properties of differential operators on MA and construct the canonical 1-form when
MA is provided with a structure of Lie-Rinehart algebra.
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1 Preliminaries
Throughout this text, all differentiable structures are assumed to be of class C∞, therefore smooth. We
denote by M a paracompact smooth manifold of dimension n, C∞(M) the algebra of functions of class C∞
on M and X(M), the C∞(M)-module of vector fields on M.
1.1 First order differential operator
When R is a commutative algebra, with unit 1R , and when E is a R-module, a linear application
δ : R −→ E
is a first order differential operator if, for all a and b belonging to R,
δ(ab) = δ(a) · b + a · δ(b) − ab · δ(1R).
When δ(1R) = 0, we have the usual notion of derivation from R into E.
Thus, a linear map
δ : R −→ E
is a first order differential operator if and only if, the map
R −→ E, a 7→ δ(a) − a · δ(1R),
is a derivation.
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A first order differential operator from R into R is simply called first order differential operator of R. We
denote byD(R, E) the R-module of first order differential operators from R into E and byD(R) the R-module
of first order differential operators of R.
If A and B are arbitrary algebras and if ϕ : A −→ B is a homomorphism of algebras, then B is a A-module.
Let ϕ : A −→ B be a homomorphism of algebras. A linear map δ : A −→ B is a ϕ-first order differential
operator if
δ(ab) = δ(a) · ϕ(b) + ϕ(a) · δ(b) − ϕ(ab) · δ(1A).
When M is a smooth manifold, a first order differential operator of the algebra C∞(M) will simply said
differential operator on M and denoted by D(M) instead of D(C∞(M)).
1.2 Weil algebra and Weil bundle
A Weil algebra or local algebra (in the sense of Andre´ Weil) [11], is a finite dimensional, associative,
commutative and unitary algebraA overR in which there exists an unique maximum idealm of codimension
1. In his case the factor space A/m is one-dimensional and is identified with the algebra of real numbers R.
Thus A = R⊕m and R is identified with R · 1A, where 1A is the unit of A. The integer k ∈ N such that
m
k+1
= (0) and mk , (0) is called the height of A.
A near point of x ∈ M of kind A is a homomorphism of algebras
ξ : C∞(M) −→ A
such that for any f ∈ C∞(M), [ξ( f ) − f (x)] ∈ m.
We denote MAx the set of near points of x of kind A and MA = ∪
x∈M
MAx the set of near points on M of kind A
: it is smooth manifold of dimension n × dimA. The manifold MA is called the manifold of infinitely near
points on M of kind A [11], [5] or simply the Weil bundle [4].
If (U, ϕ) is a local chart of M with local coordinates (x1, x2, ..., xn), the application,
UA −→ An, ξ 7−→ (ξ(x1), ξ(x2), ..., ξ(xn)),
is a bijection from UA into an open of An. The manifold MA is modeled on An, i.e MA is a A-manifold of
dimension n [1],[9],[10].
The set, C∞(MA,A), of smooth functions on MA with values in A is a associative and commutative algebra
with unit, over A and for any f ∈ C∞(M), the application
fA : MA −→ A, ξ 7−→ ξ( f )
is differentiable. Futher the application
C∞(M) −→ C∞(MA,A), f 7−→ fA,
is a injective homomorphism of algebras and we have:
( f + g)A = fA + gA; (λ · f )A = λ · fA; ( f · g)A = fA · gA
with λ ∈ R, f and g belonging to C∞(M).
In [1], we have shown that there is an equivalence between the following statements:
1. A vector field on MA is a differentiable section of the tangent bundle (T MA, piMA , MA);
2. A vector field on MA is a derivation of C∞(MA);
3. A vector field on MA is a linear map X : C∞(M) −→ C∞(MA,A) such that
X( f · g) = X( f ) · gA + fA · X(g), for any f , g ∈ C∞(M);
and then, in [6], we have established that these statements are equivalent to the assertion
4. A vector field on MA is a derivation of C∞(MA,A) which is A-linear.
Thus the set X(MA) of vector fields on MA is a C∞(MA,A)-module.
Furthermore, we have [6]
Theorem 1. The map
X(MA) × X(MA) −→ X(MA), (X, Y) 7−→ [X, Y] = X ◦ Y − Y ◦ X
is skew-symmetric A-bilinear and defines a structure of A-Lie algebra over X(MA). Moreover, for any
ϕ ∈ C∞(MA,A), we have
[X, ϕY] = X (ϕ) Y + ϕ[X, Y].
Recall that when M is a smooth manifold, the basic algebra of M is C∞(M). Since X(MA) is a C∞(MA,A)-
module, and is a Lie algebra over A, and as MA is a A-manifold, this means that the basic algebra of MA is
C∞(MA,A) and not C∞(MA).
Thus, in all what follows, we denotes X(MA), the set of A-linear maps
X : C∞(MA,A) −→ C∞(MA,A)
such that
X(ϕ · ψ) = X(ϕ) · ψ + ϕ · X(ψ), for anyϕ, ψ ∈ C∞(MA,A)
that is to say
X(MA) = DerA[C∞(MA,A)].
1.3 Differential form on MA
Let Lp
sks
[
X(MA),C∞(MA,A)
]
= Λ
p
A
(MA,A) be the C∞(MA,A)-module of skew-symmetric C∞(MA,A)-
multilinear applications for any p ∈ N,
ω : X(MA) × X(MA) × ... × X(MA)︸                                  ︷︷                                  ︸
p times
−→ C∞(MA,A).
We say that ω is a A-linear form of degree p on MA.
We denote
ΛA(MA) =
n⊕
p=0
Λ
p
A
(MA,A)
and we have
Λ
0(MA,A) = C∞(MA,A).
If ω is a differential form of degree p on M, then there exists an unique differential A-form of degree p on
MA such that
ωA(θA1 , θA2 , ..., θAp ) =
[
ω(θ1, θ2, ..., θp)
]A
for any vector fields θ1, θ2, ..., θp ∈ X( M). We say that the differential A-form ωA is the prolongation to
MA of the differential form ω [5].
When
d : Λ(M) −→ Λ(M)
is the exterior differential operator on M, we denote
dA : ΛA(MA) −→ ΛA(MA)
the cohomology operator associated to the representation
X(MA) −→ DerA
[
C∞(MA,A)
]
, X 7−→ X.
Thus, For η ∈ Λp
A
(MA) and for X1, X2, ..., Xp+1 ∈ X(MA), we have
dAη(X1, X2, ..., Xp+1) =
p+1∑
i=1
(−1)i−1Xi[η(X1, ..., X̂i, ..., Xp+1]
+
∑
1≤i< j≤p+1
(−1)i+ jη(
[
Xi, X j
]
, X1, ..., X̂i, ..., X̂ j, ..., Xp+1)
For p = 1, we have
dAη(X, Y) = X1 (η(X2)) − X2 (η(X1)) − η([X1, X2]).
In the continuation, we define the concept of Lie-Rinehart structure on MA. Its anchor map is with values
in the C∞(MA,A)-module of first differential operators of C∞(MA,A) which are which are A-linears.
2 Lie-Rinehart structure on Weil bundle
2.1 Differential operator on MA
A differential operator on MA, is a R-linear map
δ : C∞(MA) −→ C∞(MA)
such that for any ϕ, ψ ∈ C∞(MA),
δ(ϕ · ψ) = δ(ϕ) · ψ + ϕ · δ(ψ) − ϕ · ψ · δ(1C∞(MA )).
We denoteD(MA) the C∞(MA)-module of differential operators on MA. We have
Theorem 2. The following assertions are equivalent:
1. A differential operator on MA is a differential operator of C∞(MA);
2. A differential operator on MA is a linear map Y : C∞(M) −→ C∞(MA,A) such that
Y( f · g) = Y( f ) · gA + fA · Y(g) − fA · gA · Y(1C∞(M)), for any f , g ∈ C∞(M);
3. A differential operator on MA is a differential operator of C∞(MA,A) which is A-linear.
Proof. The implications 1.⇐⇒ 2 are shown in [2].
2.⇐⇒ 3.
If X : C∞(M) −→ C∞(MA,A) is a differential operator, such that
X( f · g) = X( f ) · gA + fA · X(g) − fA · gA · X(1C∞(M)), for any f , g ∈ C∞(M),
the map
Y : C∞(M) −→ C∞(MA,A), f 7−→ X( f ) − fA · X(1C∞(M)),
is a derivation. Given [1], there exist a unique derivation
Y˜ : C∞(MA,A) −→ C∞(MA,A)
such that:
1- Y˜ is A-linear;
2- Y˜(σ) ∈ C∞(MA) for all σ ∈ C∞(MA);
3- Y˜( fA) = Y( f ) for every f ∈ C∞(M).
The map
X˜ : C∞(MA,A) −→ C∞(MA,A), ϕ 7−→ Y˜(ϕ) + ϕ · X(1C∞(M)),
is such that :
1- X˜ is A-linear;
2- For any ϕ ∈ C∞(MA),
[
X˜(ϕ) − ϕ · X(1C∞(M))
]
∈ C∞(MA);
3- X˜( fA) = X( f ) for every f ∈ C∞(M).
Conversely, if X : C∞(MA,A) −→ C∞(MA,A) is a differential operator which is A-linear, the map
Z : C∞(MA,A) −→ C∞(MA,A), ϕ 7−→ X(ϕ) − ϕ · X(1C∞(M)),
is a derivation.
Thus, the map
Y : C∞(M) −→ C∞(MA,A), f 7−→ Z( fA),
is a a differential operator such that
Y( f · g) = Y( f ) · gA + fA · Y(g) − fA · gA · Y(1C∞(M)), for any f , g ∈ C∞(M).
That ends the proof. 
We denotesDA(MA), the C∞(MA,A)-module of A-linear differential operator
X : C∞(MA,A) −→ C∞(MA,A)
such that
X(ϕ · ψ) = X(ϕ) · ψ + ϕ · X(ψ) − ϕ · ψ · X(1C∞(MA ,A)), for anyϕ, ψ ∈ C∞(MA,A).
Theorem 3. The application
[, ] : DA(MA) ×DA(MA) −→ DA(MA), (X, Y) 7−→ X ◦ Y − Y ◦ X,
is skew-symmetric A-bilinear and difine a structure of A-Lie algebra on DA(MA).
Furthermore, for ϕ ∈ C∞(MA,A) and for X, Y ∈ DA(MA), we have[
X, ϕ · Y
]
=
[
X(ϕ) − ϕ · X(1C∞(MA ,A))
]
· Y + ϕ · [X, Y] .
Proof. For X, Y ∈ DA(MA), the map
[, ] : DA(MA) ×DA(MA) −→ DA(MA), (X, Y) 7−→ X ◦ Y − Y ◦ X,
is manifestly skew-symmetric R-bilinear. For ϕ and ψ belonging to C∞(MA,A), we verify that
[X, Y] (ϕ · ψ) = [X, Y] (ϕ) · ψ + ϕ · [X, Y] (ψ) − ϕ · ψ · [X, Y] (1C∞(MA ,A))
Thus [X, Y] ∈ DA(MA).
For a ∈ A and for ϕ ∈ C∞(MA,A), we have:
[X, a · Y] (ϕ) = X [a · Y(ϕ)] − (a · Y) [X(ϕ )]
= a · X
[
Y(ϕ )] − a · Y [X(ϕ )]
= a · [X, Y] (ϕ ).
Thus
[X, a · Y] = a · [X, Y]
i.e the map
[, ] : DA(MA) ×DA(MA) −→ DA(MA), (X, Y) 7−→ X ◦ Y − Y ◦ X,
is A-bilinear and for X, Y ∈ DA(MA) and for ϕ ∈ C∞(MA,A), the map
C∞(MA,A) −→ C∞(MA,A), ϕ 7−→ [X, Y](ϕ) = X [Y(ϕ)] − Y [X(ϕ)]
is A-linear.
Futhermore, for ϕ ∈ C∞(MA,A) and for ψ ∈ C∞(M), we have[
X, ϕ · Y
] (ψ ) = X [ϕ · Y(ψ )] − (ϕ · Y) [X(ψ )]
= X(ϕ) · Y(ψ ) + ϕ · X [Y( fψ)] − ϕ · Y(ψ ) · X(1C∞(MA ,A)) − ϕ · Y [X(ψ )]
= X(ϕ) · Y(ψ ) − ϕ · Y(ψ ) · X(1C∞(MA ,A)) + ϕ · X
[
Y(ψ )] − ϕ · Y [X(ψ )]
= X(ϕ) · Y( fψ) − ϕ · Y(ψ ) · X(1C∞(MA ,A)) + ϕ · [X, Y] (ψ )
=
[
X(ϕ) − ϕ · X(1C∞(MA ,A))
]
· Y(ψ ) + ϕ · [X, Y] (ψ).
Thus [
X, ϕ · Y
]
=
[
X(ϕ) − ϕ · X(1C∞(MA ,A))
]
· Y + ϕ · [X, Y]
That ends the demonstration. 
2.2 Lie-Rinehart structure on Weil bundle
Let R be a unitary commutative algebra over a field K of characteristic zero with unit 1R and let G be a
R-module with a structure of K-Lie algebra.
A Lie-Rinehart algebra structure on G is given by a morphism of R-modules and of K-Lie algebras
ρ : G −→ D(R)
called anchor map, such that for all x and y in G and for all a ∈ R,
[x, ay] = (ρ(x)(a) − a · ρ(x)(1R)) · y + a · [x, y].
Thus, in the case of Weil bundles, Where R is the algebra C∞(MA,A) and G = X(MA),
A Lie-Rinehart structure on Weil bundle MA is given by a morphism of C∞(MA,A)-modules and of Lie
algabras over A,
ρ : X(MA) −→ DA
which is A-linear and such that for X, Y ∈ X(MA) and for any ϕ ∈ C∞(MA,A), we get
[X, ϕ · Y] =
[
ρ(X)(ϕ) − ϕ · ρ(X)(1C∞(MA ,A))
]
· Y + ϕ · [X, Y].
We say that the pair (X(MA), ρ) is a Lie-Rinehart structure on MA.
The anchor ρ is a represention from X(MA) into C∞(MA,A).
For any p ∈ N,
Λ
p(MA, ρ) = Lp
sks[X(MA),C∞(MA,A)]
denotes the C∞(MA,A)-module of skew-symmetric multilinear forms of degree p fromX(MA) into C∞(MA,A).
We have
Λ
0(MA, ρ) = C∞(MA,A).
We denote
Λ(MA, ρ) =
n⊕
p=0
Λ
p(MA, ρ).
Theorem 4. Let (X(MA), ρ) be a Lie-Rinehart structure on MA. There exists a A-diffe´rential form of degrre
1 on MA,
α : X(MA) −→ C∞(MA,A)
such that
ρ(X)(ϕ) = X(ϕ) + ϕ · α(X).
Proof. We denote,
dρ : Λ(MA, ρ) −→ Λ(MA, ρ)
the differential operator of degre +1 and of square 0 associed to the representation ρ.
For X, Y ∈ X(MA), we have (Theorem 1)
[X, ϕY] = X(ϕ) · Y + ϕ · [X, Y].
Since (X(MA), ρ) is a Lie-Rinehart structure on MA, then for X, Y ∈ X(MA) and for any ϕ ∈ C∞(MA,A),
[X, ϕ · Y] =
[
ρ(X)(ϕ) − ϕ · ρ(X)(1C∞(MA ,A))
]
· Y + ϕ · [X, Y].
Thus,
X(ϕ) = ρ(X)(ϕ) − ϕ · ρ(X)(1C∞(MA ,A))
i.e
ρ(X)(ϕ) = X(ϕ) + ϕ · ρ(X)(1C∞(MA ,A)).
Then, the map
α : X(MA) −→ C∞(MA,A), X 7−→ α(X) = ρ(X)(1C∞(MA ,A))
is a A-diffe´rential form of degree 1 on MA that answers the question, i.e
ρ(X)(ϕ) = X(ϕ) + ϕ · α(X).

Proposition 5. If dA denote the differential operator of degre +1 and of square 0 associed to the represen-
tation X(MA) −→ DerA(C∞(MA,A)), X 7−→ X, then the A-diffe´rential 1- form α is dA-closed i.e dAα = 0.
Proof. For any X, Y ∈ X(MA) and for any ϕ ∈ C∞(MA,A),
([ρ(X), ρ(Y)] − ρ[X, Y])(ϕ) = ρ(X)[ρ(Y)(ϕ)] − ρ(Y)[ρ(X)(ϕ)] − ρ[X, Y])(ϕ)
= ρ(X)[Y(ϕ) + ϕ · α(Y)] − ρ(Y)[X(ϕ) + ϕ · α(X)]
−[X, Y](ϕ) − ϕ · α([X, Y])
= X[Y(ϕ) + ϕ · α(Y)] + [Y(ϕ) + ϕ · α(Y)] · α(X)
−Y[X(ϕ) + ϕ · α(X)] − [X(ϕ) + ϕ · α(X)] · α(Y)
−[X, Y](ϕ) − ϕ · α([X, Y]).
i.e
([ρ(X), ρ(Y)] − ρ[X, Y])(ϕ) = X(Y(ϕ)) + X(ϕ · α(Y)) + Y(ϕ) · α(X)
+ϕ · α(Y) · α(X) − Y(X(ϕ)) − Y(ϕ · α(X)) − X(ϕ) · α(Y)
−ϕ · α(X) · α(Y) − [X, Y](ϕ) − ϕ · α([X, Y])
= X(Y(ϕ)) + X(ϕ) · α(Y) + ϕ · X(α(Y)) + Y(ϕ) · α(X)
+ϕ · α(Y) · α(X) − Y(X(ϕ)) − Y(ϕ) · α(X) − ϕ · Y(α(X))
−X(ϕ) · α(Y) − ϕ · α(X) · α(Y) − [X, Y](ϕ) − ϕ · α([X, Y])
= ϕ · (X( α(Y)) − Y( α(X)) − α([X, Y])
= ϕ · [dAα](X, Y).
Since ϕ is morphism of A-Lie algabras, we have then ρ[X, Y]) = [ρ(X), ρ(Y)] if only if [dAα](X, Y) = 0.
That ends the proof. 
The 1-form α is the canonical form of the structure of Lie-Rinehart algebra (X(MA), ρ).
Corollary 6. Let α be a differential A-form of degree 1 on MA and let a representation
ρα : X(MA) −→ DA
such that
ρα(X)(ϕ) = X(ϕ) + ϕ · α(X)
for any ϕ ∈ C∞(MA,A). The pair (X(MA), ρα) is a A-Lie-Rinehart structure if and only if dAα = 0.
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